Ramond Sector Characters and N=2 Landau-Ginzburg Models by Di Francesco, P. & Yankielowicz, S.
ar
X
iv
:h
ep
-th
/9
30
50
37
v1
  1
0 
M
ay
 1
99
3
SPhT 93/049–TAUP 2047-93 hep-th/9305037
Ramond Sector Characters
and N=2 Landau–Ginzburg Models
P. Di Francesco,
Service de Physique The´orique de Saclay #,
91191 Gif sur Yvette Cedex, France,
and
S. Yankielowicz $,
School of Physics and Astronomy,
Beverly and Raymond Sackler Faculty of Exact Sciences,
Tel–Aviv University, Ramat–Aviv, Tel–Aviv 69978, Israel.
We give a direct proof of the new ”product” expression for the Ramond sector charac-
ters of N=2 minimal models recently suggested by E. Witten. Our construction allows us
to generalize these expressions to the D and E series of N=2 minimal models, as well as to
other N=2 Kazama–Suzuki coset models such as SU(N)×SO(2(N−1))/SU(N−1)×U(1).
We verify that these expressions indeed coincide with the corresponding Landau–Ginzburg
”elliptic genus”, a certain topologically invariant twisted path integral with the effective
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for describing other N=2 superconformal theories.
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1. Introduction
N=2 superconformal theories have been under active investigation during recent years.
They are of interest for the construction of vacuum states of super-string theories as well
as for the investigation of topological theories. The structure of these theories is very much
constrained by the N=2 algebra and its representations. This applies in particular to the
chiral fields in the Neveu-Schwarz (NS) sector which form a ring under the fusion rules [1]
[2]. By spectral flow these fields are in one to one correspondence with the ground states in
the Ramond (R) sector [3]. Moreover, the chiral primary fields are the ones which survive
in the topological theory obtained from the N=2 theory upon twisting by the U(1) current
[4].
Another realization of N=2 supersymmetric theories is in terms of N=2 Landau–
Ginzburg (LG) models [5]. The LG theory is given by an action
S =
∫
d2zd4θ K([Φi, Φ¯i]) +
∫
d2zd2θ W ([Φi]) + c.c.
where the Φi(z, θ) (Φ¯i(z¯, θ¯) are a set of chiral ( anti–chiral) N=2 superfields. K([Φi, Φ¯i])
is the kinetic term and W ([Φi]) is the superpotential. Given a potential one can define a
ring of polynomials in the Φi modulo the LG equation of motion dW=0 [5] [2], i.e.
R =C[Φi]/dW i = 1, ....,M
At the conformal point, the LG superpotential should be a quasi-homogeneous func-
tion so as to allow for a grading of the superfields. This grading is related to the so called
R–symmetry of the N=2 LG theory. As we perturb away from the critical point both the
superpotential and the fields get modified, however the structure of the perturbed chiral
ring is still described by R. The basic conjecture is that at the UV conformal point the
behaviour of the theory is governed by the superconformal N=2 RCFT whose chiral ring
is isomorphic to the ring R. There is a one to one correspondence between the chiral fields
of the LG theory and the chiral fields of the underlying N=2 RCFT. Moreover, the grading
is associated with the U(1) charge of the N=2 algebra. From this point of view any N=2
LG theory corresponds to a N=2 RCFT. It is still an open question to better understand
and classify all N=2 RCFT’s which admit a LG description.
There is by now a bulk of ”circumstancial” evidence which support this conjecture
and make it very plausible. This involves approximate RG flows [6]. Moreover, the super-
potential encodes a lot of information concerning the underlying N=2 RCFT. From the
1
grading one can determine the U(1) charges and the corresponding central charge [7]. The
chiral ring itself is isomorphic to the polynomial ring associated with the LG potential,
and this is reflected in the properties of the chiral fields [2] [8]. Recently an important
step toward proving the conjecture has been made by Witten [9] within the framework of
the A series of N=2 minimal models. Assuming that the conjecture holds, Witten related
certain characters in the Ramond sector of the N=2 RCFT to the elliptic genus of the
corresponding LG theory. This elliptic genus is given by the path integral with certain
twisted boundary conditions and can be effectively computed in the LG theory. As noted
by Witten, an important feature of the elliptic genus is the fact that for supersymmetric
models it remains conformally invariant even if the model itself is not. Thus, it remains
the same as we approach the UV limit. This way an interesting ”product” formula for
these particular Ramond sector characters was obtained. The formula was checked by
expanding it to few low orders in q and comparing to the known character formulas [10].
In section 2 of the paper we give a direct proof of this character formula and generalize
it to the D and E modular invariants of the N=2 minimal models based on the coset
SU(2)k/U(1). It is based on a mathematical lemma on elliptic modular functions which
we prove in appendix A. In section 3 we generalize it to Kazama–Suzuki N=2 theories [11]
based on the coset SU(N)k × SO(2(N − 1))1/SU(N − 1)k+1 × U(1). From our analysis
it will be clear that it is the U(1) charge of the N=2 algebra which plays the crucial role,
almost determining the whole structure. The elliptic genus in both the superconformal
and the LG frameworks is strongly constrained by the transformations of the various fields
under the U(1) symmetry. For the N=2 superconformal theory it is the U(1) charge of
the Ramond sector while in the LG approach it is the R–symmetry charge of the chiral
superfields. In section 4 we discuss and emphasize this aspect of our approach. We also
address the question of the uniqueness of the identification of the LG potential and the
”stability” of the elliptic genus under ”massive” perturbations. The important lesson which
we would like to convey is that the identification between the N=2 superconformal theory
and the corresponding LG model crucially depends on the U(1) grading. We shall give
examples to clarify this point and discuss the constraints it imposes for the existence of
a LG description. It is clear that the knowledge of the elliptic genus either gives some
information about the LG potential, or rules out its existence. In the first occurence,
one may have a new tool for hunting LG potentials; in the latter, we get a criterium for
non–existence of Landau–Ginzburg potential (at least with the grading of fields matching
that of the chiral Ramond states), namely that the elliptic genus cannot be put into a nice
product form. This last point will be illustrated with simple examples.
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2. The SU(2) case.
2.1. Landau–Ginzburg description of N=2 superconformal SU(2)k theories.
In a recent paper [9], E. Witten proposed a link between the N=2 superconformal
minimal theories based on SU(2) and their effective description in terms of a N=2 Landau–
Ginzburg superfield. In both theories, he computed the so–called elliptic genus of the
theory, a particular toro¨ıdal twisted partition function. On one hand it is a particular
linear combination of characters for Ramond states, on the other hand it can be directly
computed within the Landau–Ginzburg framework [9]. More precisely, this function is
defined as
Z2(u|τ) =
∑
l
′
TrRl(−1)
FLqHLeiγLJ0,L , (2.1)
where FL, HL, J0,L and γL denote respectively the fermion number, the hamiltonian
HL = L0 −
c
24
, the U(1) symmetry generator zero component and associated charge of
the left–moving Ramond states, and the sum extends over the states with vanishing right–
moving hamiltonian HR = 0 and U(1) charge γR = 0. In eqn.(2.1), Rl denote the Ramond
sector representation of the N=2 superalgebra containing a ground state of HL = 0, and
we denote by u = γL2pi(k+2) and q = e
2ipiτ .
Such representations are well known in the context of N=2 minimal superconformal
theories based on SU(2), and correspond to the Ramond sector analogues of the Neveu–
Schwarz chiral fields, obtained from those by the standard spectral flow [3]. The corre-
sponding characters are obtained by considering the N = 2 theory as a SU(2)k
U(1)
× U(1)
coset, and they read [12]
χll(z|τ) =
∑
j mod k
Cll+4j(τ) Θ(k+2)(4j−1)+2(l+1);2k(k+2)(z|τ) (2.2)
where Clm(τ), |m| ≤ l ≤ k, denote the parafermionic string functions and the U(1) theta
function is defined as
Θm,p(x|τ) =
∑
n∈ZZ
qp(n+m/2p)
2
e4ipipx(n+m/2p) (2.3)
The elliptic genus for the minimal N=2 superconformal theory is just the sum of the above
characters
K2(z|τ) =
k∑
l=0
χll(z|τ). (2.4)
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It is believed that there exists an effective description of the N=2, A type (referring
to the fact that all fields l = 0, .., k are present in the theory), superconformal theory in
terms of a N=2 superfield Φ, governed by the action
S =
∫
d2xd4θ ΦΦ¯ + {
∫
d2xd2θ
Φk+2
k + 2
+ c.c.}.
The direct Landau–Ginzburg computation is made possible by the following argument
[9]: the elliptic genus (2.1) is a topological invariant, therefore independent on an overall
arbitrary scaling parameter ǫ multiplying the potential. Moreover the ǫ → 0 limit is
regularized by the twist imposed on the various fields of the theory. Hence one can take
ǫ = 0 and perform a simple free field computation. Moreover, from a careful study of
the symmetries of the potential, one gets the U(1) transformations of the bosonic lower
component and the fermionic components of the superfield Φ = φ+θ+ψ
++θ−ψ
−+θ+θ−F
after the standard gaussian integration over the upper component F , namely
φ→ e2ipiuφ
ψ+ → e2ipiuψ+
ψ− → e−2ipi(k+1)uψ−
(2.5)
and conjugate transformations for the conjugate Φ¯ components. Putting together the
contributions to (2.1) of all the modes of the left and right movers, Witten obtains a
simple product formula
Z2(u|τ) = e
−ipiuk
∏
n≥0
(1− qne2ipi(k+1)u)
(1− qne2ipiu)
∏
n≥1
(1− qne−2ipi(k+1)u)
(1− qne−2ipiu)
(2.6)
This can be recast in terms of the first Jacobi theta function
Θ1(u|τ) = −ie
−ipiu
∏
n≥0
(1− qne2ipiu)
∏
n≥1
(1− qn)(1− qne−2ipiu). (2.7)
We find
Z2(u|τ) =
Θ1((k + 1)u|τ)
Θ1(u|τ)
. (2.8)
A first step toward the identification of the N=2 superconformal theory based on SU(2)
and the Landau–Ginzburg theory of the N=2 superfield Φ is the identification of elliptic
genera (2.4) and (2.8), which amounts to
Z2(u = 2z|τ) = K2(z|τ). (2.9)
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2.2. The proof of Witten’s character formula expressing the elliptic genus in the A type
SU(2) case.
We wish now to prove the identity between (2.4) and (2.8). The proof goes in three
steps: first we compute the behaviour of the elliptic genus of the N=2 superconformal
theory expressed as (2.4) under the transformations z → z+1 and z → z+ τ . Comparing
it to that of the Landau–Ginzburg expression (2.8), we find that the ratio K2/Z2 is an
elliptic function of z (i.e. 1 and τ–periodic). The second step uses the modular covariance
of both versions of the elliptic genus to prove that K2/Z2 is in addition a modular form
of weight zero. The last step uses standard elliptic function theory and the q → 0 limit of
the ratio to conclude that it is a constant, which turns out to be 1.
By a straightforward use of equations (2.2)-(2.4), we find that
K2(z + 1|τ) = K2(z|τ)
K2(z + τ |τ) = e
−4ipik(k+2)(τ+2z)K2(z|τ).
(2.10)
On the other hand, using the transformations of the Jacobi theta function
Θ1(u+ n|τ) = (−1)
nΘ1(u|τ)
Θ1(u+ nτ |τ) = (−1)
ne−ipin(nτ+2u)Θ1(u|τ),
(2.11)
it is easy to see that
Z2(2(z + 1)|τ) = Z2(2z|τ)
Z2(2(z + τ)|τ) = e
−4ipik(k+2)(τ+2z)Z2(2z|τ)
(2.12)
Therefore the ratio K2(z|τ)/Z2(2z|τ) is an elliptic function of z with periods 1 and τ , and
has a finite number of single poles due to zeroes of the denominator. Standard elliptic
function theory enables to write [13]
K2(z|τ)
Z2(2z|τ)
= A
p∏
i=1
Θ1(z − ai|τ)
Θ1(z − bi|τ)
where ai(τ), resp. bi(τ) denote the zeroes and poles of the elliptic function on its funda-
mental domain.
The second step of the proof uses the modular covariance of K2 and Z2. On one hand,
from the modular transformations of the characters [10]
Clm(−
1
τ
) = (−iτk(k + 2))−1/2
∑
l′,m′
sinπ
(l + 1)(l′ + 1)
k + 2
e−ipi
mm′
k Cl
′
m′(τ)
Θm,p(
z
τ
| −
1
τ
) = (
−iτ
2p
)1/2e2ipip
z2
τ
∑
m′
e−ipi
mm′
p Θm′,p(z|τ),
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we find that
K2(
z
τ
| −
1
τ
) = e4ipik(k+2)
z2
τ K2(z|τ).
On the other hand, using the standard modular transformation of the Jacobi theta function
Θ1(
z
τ
| −
1
τ
) = i(−iτ)1/2eipi
z2
τ Θ1(z|τ),
we get
Z2(
2z
τ
| −
1
τ
) = e4ipik(k+2)
z2
τ Z2(2z|τ),
so that the ratio K2(z|τ)/Z2(2z|τ) is invariant under the modular ”S” transformation
(z, τ)→ ( zτ ,−
1
τ ). Finally, it is easy to see that both expressions for the elliptic genus are
invariant under the ”T” transformation τ → τ + 1: for K2, it is a direct consequence of
the choice of Ramond states with L0 = c/24 (the characters are transformed under T by a
phase factor exp(2iπ(h− c/24) = 1 here1); for Z2, it is a consequence of the Jacobi theta
function transformation Θ1(z|τ + 1) = e
ipi/4Θ1(z|τ).
The last step uses the τ → i∞ (or q → 0) limit of the elliptic function. Let us now
prove that
lim
τ→i∞
K2(z|τ)
Z2(2z|τ)
= 1, (2.13)
as a consequence of the limits of Z2 and K2. We have:
lim
q→0
Z2(2z|τ) =
sin 2π(k + 1)z
sin 2πz
(2.14)
and the contribution to the limit of K2 only involves the U(1) charges (it selects the term
j = 0 in each character (2.2) )
lim
q→0
K2(z|τ) =
k∑
l=0
e4ipizk(k+2)(
l+1
k(k+2)
− 12k )
= e−2ipikz
1− e4ipi(k+1)z
1− e4ipiz
=
sin 2π(k + 1)z
sin 2πz
(2.15)
1 Note that this is a general, built–in property of the elliptic genus. It will apply to all the
other cases we will consider. We suspect also that the ”S”–covariance is a generic property of
elliptic genera, once it is understood as some two point correlator of ”twist” operators.
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We conclude that the q → 0 limit of the elliptic modular function (2.13) is just 1. In
appendix A, we prove that the only elliptic modular function of weight zero (invariant
under S and T) with a q → 0 limit equal to 1, equals 1 identically, hence the poles bi
cancel the zeroes ai exactly and A = 1, and we get the desired identity
K2(z|τ) = Z2(2z|τ).
The proof is very enlightening and suggests that somehow the elliptic genus mainly
depends on the transformations of the various fields under the U(1) symmetry, which can
be read off from just the U(1) theta function piece of the N=2 superconformal characters.
2.3. Generalization to D and E modular invariant theories.
In view of the previous subsection, it is a straightforward exercise to try to guess a
product formula for say a general sum of Ramond chiral characters, by just looking at its
q → 0 limit. If the answer has the form
∏
i
sin 2πzki
sin 2πzli
for some integers ki, li, then we have to compare the z → z + 1, z → z + τ and (z, τ)→
( zτ ,−
1
τ ) transformations of the sum of characters, and of the simplest guess for the answer
∏
i
Θ1(2kiz|τ)
Θ1(2liz|τ)
.
As expected, they will differ in general, but remarkably when the sum over Ramond chiral
characters pertains to the D and E series of modular invariants for the SU(2)k N=2
theories, they actually coincide, and we obtain generalizations of the identity (2.9) for
these theories. This translates into a link with the Landau–Ginzburg theories based on D
and E type singularities [5].
The D case. The elliptic genus for a D theory at (even) level k reads
KD2 (z|τ) =
∑
l∈Exp(D)
χll(z|τ) (2.16)
where Exp(D) denotes the set of Coxeter exponents of the corresponding Lie algebra
D k
2+2
, shifted by one, namely Exp(D) = {0, 2, 4, ..., k, k
2
}. If we compare this to the
previous expression for the A series (2.4), it is clear that we did not spoil the behaviour of
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the function under z → z + 1 and z → z + τ (2.10). However, this particular combination
modifies the q → 0 limit, which becomes
lim
q→0
KD2 (z|τ) =
∑
l∈Exp(D)
e4ipizk(k+2)(
l+1
k(k+2)
− 12k ) (2.17)
If we define x = e4ipiz, this is easily seen to be
x−
k
2 (1 + x2 + x4 + ...+ xk + x
k
2 ) = x−
k
2 (1 + x
k
2 )
1− x
k
2+2
1− x2
=
sin 2πkz sinπ(k + 4)z
sinπkz sin 4πz
(2.18)
The modular transformations are also found to be
KD2 (z|τ + 1) = K
D
2 (z|τ)
KD2 (
z
τ
| −
1
τ
) = e4ipik(k+2)
z2
τ KD2 (z|τ)
By using the technique of previous section (the z → z+1, z → z+ τ and (z, τ)→ ( z
τ
,− 1
τ
)
transformations are identical, hence the ratio is elliptic and modular invariant with a q → 0
limit equal to 1 and it is therefore identically equal to one.), we find that
KD2 (z|τ) =
Θ1(2kz|τ)Θ1((k + 4)z|τ)
Θ1(kz|τ)Θ1(4z|τ)
. (2.19)
E6 case. The elliptic genus reads
KE62 (z|τ) =
∑
l∈Exp(E6)
χll(z|τ),
where Exp(E6) = {0, 3, 4, 6, 7, 10}. With the same notations as above, the q → 0 limit
reads
x−5(1 + x3 + x4 + x6 + x7 + x10) = x−5
(1− x8)(1− x9)
(1− x4)(1− x3)
=
sin 16πz sin 18πz
sin 8πz sin 6πz
,
and we get
KE62 (z|τ) =
Θ1(16z|τ)Θ1(18z|τ)
Θ1(8z|τ)Θ1(6z|τ)
. (2.20)
E7 case. Analogously,
KE72 (z|τ) =
∑
l∈Exp(E7)
χll(z|τ),
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with Exp(E7) = {0, 4, 6, 8, 10, 12, 16}, and the q → 0 limit reads
x−8(1 + x4 + x6 + x8 + x10 + x12 + x16) = x−8
(1− x12)(1− x14)
(1− x6)(1− x4)
=
sin 24πz sin 28πz
sin 12πz sin 8πz
,
and we find
KE72 (z|τ) =
Θ1(24z|τ)Θ1(28z|τ)
Θ1(12z|τ)Θ1(8z|τ)
. (2.21)
E8 case. Finally,
KE82 (z|τ) =
∑
l∈Exp(E8)
χll(z|τ),
with Exp(E8) = {0, 6, 10, 12, 16, 18, 22, 28} and the q → 0 limit reads
x−14(1 + x6 + x10 + x12 + x16 + x18 + x22 + x28) = x−14
(1− x24)(1− x20)
(1− x6)(1− x10)
=
sin 48πz sin 40πz
sin 12πz sin 20πz
,
and
KE82 (z|τ) =
Θ1(48z|τ)Θ1(40z|τ)
Θ1(12z|τ)Θ1(20z|τ)
. (2.22)
2.4. N=2 Landau-Ginzburg calculation of the elliptic genus in the D and E cases.
We now want to match the results for the elliptic genus of the D and E superconformal
field theories against their effective Landau–Ginzburg theories.
D case. The potential for the D k
2+2
theory is believed to be [5]
WD =
Φ
k
2+1
1
k + 2
+ Φ1Φ
2
2,
with Φi = φi + θ+ψ
+
i + θ−ψ
−
i + θ+θ−Fi, i = 1, 2, two N = 2 superfields. Following
Witten, we identify the U(1) transformations of the lower and fermionic components of
the fields which preserve the lagrangian, after the standard Gaussian integration over the
upper components Fi, as
φ1 → e
4ipiuφ1
φ2 → e
ipikuφ2
ψ+1 → e
4ipiuψ+1
ψ+2 → e
ipikuψ+2
ψ−1 → e
−2ipikuψ−1
ψ−2 → e
−ipi(k+4)uψ−2
.
9
Next we perform the analogue of the A case free field computation, which corresponds
to multiplying the potential term by some parameter ǫ and taking ǫ → 0. This does not
affect the result for the elliptic genus, due to its topological character. Collecting the
contributions of right and left movers and all the zero and non–zero modes of the various
fields, we get the elliptic genus in infinite product form, which can be recast thanks to the
product identity (2.7) as a simple product of theta functions
ZD2 (u|τ) =
Θ1(ku|τ)Θ1((k + 4)u/2|τ)
Θ1(ku/2|τ)Θ1(2u|τ)
(2.23)
Comparing this with the character formula (2.19), we find that
ZD2 (u = 2z|τ) = K
D
2 (z|τ).
E6 case. The potential reads [5]
WE6 =
Φ41
4
+
Φ32
3
,
the theory is therefore factorized into two A type theories, so is the elliptic genus. Taking
into account the quasi–homogeneity degree of the potential (12 here) which provides us with
a link between the U(1) charges in the two A theories, we find the following transformations
for the field components
φ1 → e
6ipiuφ1
φ2 → e
8ipiuφ2
ψ+1 → e
6ipiuψ+1
ψ+2 → e
8ipiuψ+2
ψ−1 → e
−18ipiuψ−1
ψ−2 → e
−16ipiuψ−2
.
and the elliptic genus reads finally
ZE62 (u|τ) =
Θ1(9u|τ)Θ1(8u|τ)
Θ1(4u|τ)Θ1(3u|τ)
,
which coincides with (2.20) for u = 2z.
E7 case. The potential reads [5]
WE7 =
Φ31
3
+ Φ1Φ
3
2,
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and we have the following transformations for the field components
φ1 → e
12ipiuφ1
φ2 → e
8ipiuφ2
ψ+1 → e
12ipiuψ+1
ψ+2 → e
8ipiuψ+2
ψ−1 → e
−24ipiuψ−1
ψ−2 → e
−28ipiuψ−2
.
and the elliptic genus reads finally
ZE72 (u|τ) =
Θ1(12u|τ)Θ1(14u|τ)
Θ1(6u|τ)Θ1(4u|τ)
,
identical to (2.21) up to u = 2z.
E8 case. The potential reads [5]
WE8 =
Φ51
5
+
Φ32
3
,
and the theory factorizes again into two A type theories, and so does the elliptic genus.
We have the following U(1) transformations of the fields
φ1 → e
12ipiuφ1
φ2 → e
20ipiuφ2
ψ+1 → e
12ipiuψ+1
ψ+2 → e
20ipiuψ+2
ψ−1 → e
−40ipiuψ−1
ψ−2 → e
−48ipiuψ−2
.
and the elliptic genus reads finally
ZE82 (u|τ) =
Θ1(24u|τ)Θ1(20u|τ)
Θ1(6u|τ)Θ1(10u|τ)
,
identical to (2.22) up to u = 2z.
This completes the identification of elliptic genera for D and E Landau–Ginzburg
potentials and that of the corresponding superconformal field theories.
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3. The SU(N) case.
We will consider now a SU(N) generalization of the above SU(2)N = 2 superconformal
theories introduced by Kazama and Suzuki [11]. The theory is best expressed as a coset
of the form
SU(N)k × SO(2(N − 1))1
SU(N − 1)k+1 × U(1)
≡
[
SU(N)k
SU(N − 1)k × U(1)
]
×
×
[
SU(N − 1)k × SU(N − 1)1
SU(N − 1)k+1
]
×
[
U(1)
]
,
(3.1)
where we used the conformal embedding SO(2(N−1))1 → SU(N −1)1×U(1), expressing
the theory of 2(N − 1) Majorana fermions as that of N − 1 Dirac fermions with a U(1)
symmetry generated by some bilinear in the original fermions. Clearly the N = 2 char-
acters will decompose into three pieces [14], pertaining to the three expressions between
brackets in eqn.(3.1), with respective branching functions b, minimal characters χ and U(1)
characters Θ. For the Ramond sector, they read
χλ
(N)
λ(N−1),q(z|τ) =
∑
m,µ(N−1)
bλ
(N)
µ(N−1),m(τ)×
× χµ(N−1),λ(N−1)(τ) Θ(k+N)(m−q−σ)+N(q+σ),N2(N−1)k(k+N)/2(z|τ),
(3.2)
where λ(M) =
∑M−1
i=1 λ
(M)
i ω
(M)
i , (ω
(M)
i the fundamental weights of SU(M)) denotes an
integrable weight of SU(M) at the corresponding level p, i.e. subject to λ
(M)
i ≥ 0 and∑
i λ
(M)
i ≤ p (in the following we will use the notation P
(M)
p for the set of allowed λ
(M)
i .).
We choose the convention that the U(1) charge q be an integer, and it gets shifted by an
integer σ in the Ramond sector. Finally the U(1) character is given by a theta function as
defined in eqn.(2.3). For the computation of the elliptic genus of the A type models, we
only need a sum over the Ramond states with L0− c/24 = 0, which amounts to [1] [2] [15]
λ
(N−1)
i = λ
(N)
i i = 1, 2, ..., N − 2
q =
N−1∑
i=1
iλ
(N)
i
σ = N(N − 1)/2
So the final expression for the elliptic genus of the N=2 Kazama–Suzuki theories reads
KN (z|τ) =
∑
λ(N)∈P
(N)
k
χλ
(N)
λ(N−1),q(z|τ). (3.3)
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3.1. A product formula for the SU(N) elliptic genus.
Following the lines of the SU(2) proof of sect.2, we wish to study the z → z + 1,
z → z + τ and (z, τ) → ( z
τ
,− 1
τ
) transforms of the elliptic genus KN , together with its
q → 0 limit (as noted before, the τ → τ + 1 invariance is built–in in the definition of
the elliptic genus). The latter will suggest a product formula for KN , which we will
eventually prove by elliptic modular function techniques, using the lemma of appendix A.
It is straightforward to see that
KN (z + 1|τ) = KN (z|τ)
KN (z + τ |τ) = e
−ipiN2(N−1)k(k+N)(τ+2z)KN (z|τ).
(3.4)
The modular transformations of the Ramond characters are cumbersome [15], and we omit
their details here, they lead to the final covariance property of the elliptic genus under the
S transformation
KN (
z
τ
| −
1
τ
) = eipiN
2(N−1)k(k+N) z
2
τ KN (z|τ).
Finally, the q → 0 limit is again entirely given by the U(1) charges of the Ramond fields
(it corresponds to only the terms with µ(N−1) = λ(N−1), and m = q in the sum (3.3) with
(3.2) ), as ∑
λ1,...,λN−1∈P
(N)
k
e2ipizN(λ1+2λ2+...+(N−1)λN−1−k(N−1)/2) (3.5)
Upon introducing the variable x = e2ipiNz, we get2
lim
q→0
KN (z|τ) = x
−k(N−1)/2
∑
λi≥0
Σλi≤k
xΣiλi
= x−k(N−1)/2
N−1∏
j=1
1− xk+j
1− xj
=
N−1∏
j=1
sinπN(k + j)z
sinπNjz
Using the same technique as in sect.2, and the lemma of appendix A, it is easy to establish
the following product formula
KN (z|τ) =
N−1∏
j=1
Θ1(N(k + j)z|τ)
Θ1(Njz|τ)
. (3.6)
2 The proof of this identity is given in appendix B below.
3.2. N=2 Landau-Ginzburg calculation of the elliptic genus for SU(N) theories.
We perform now the computation of the elliptic genus defined in eqn.(2.1) denoted
now ZN (u|τ), u = γL/2π(k + N), within the Landau–Ginzburg framework. The effec-
tive Landau–Ginzburg description of the Kazama–Suzuki theories based on SU(N)k is
believed to be the following. It is an effective theory of N − 1 superfields Φ1, ...,ΦN−1,
with components Φi = φi + θ+ψ
+
i + θ−ψ
−
i + θ+θ−Fi, governed by the superpotential
W
(k+N)
N (Φ1, ...,ΦN−1), given in compact form by the generating function [2]
∑
m≥0
tmW
(m)
N (x1, ..., xN−1) = − log(1− tx1 + t
2x2 − t
3x3 + ...+ (−1)
N−1tN−1xN−1).
The important fact is that the potential W
(k+N)
N is quasi–homogeneous in the fields, with
total degree k+N , for a gradation which assigns the weight i to the field Φi, i = 1, 2, ..., N−
1. Repeating Witten’s steps in the direct Landau–Ginzburg calculation of the elliptic
genus, we find the following U(1) transformations of the field components preserving the
Lagrangian of the theory
φm → e
2ipimuφm
ψ+m → e
2ipimuψ+m
ψ−m → e
−2ipi(k+m)uψ−m
.
We again eliminate the potential by a scaling factor which we send to zero, but the result
is unchanged by topological invariance of the elliptic genus. The free field calculation is
tedious but straightforward. Putting all contributions from right and left moving fermions
and bosons, we end up with
ZN (u|τ) =
N−1∏
j=1
Θ1((k + j)u|τ)
Θ1(ju|τ)
(3.7)
This is nothing but the N = 2 superconformal coset genus, expressed through the product
formula (3.6), with u = Nz
ZN (u = Nz|τ) = KN (z|τ).
4. Discussion and comments.
The identification of the elliptic genus in both superconformal and Landau–Ginzburg
frameworks is a non–negligible piece of evidence toward identification of the theories. One
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might wonder how much the elliptic genus says about either theory. As explicitly ob-
served in the above computation, the main constraint (although not sufficient) comes from
the q → 0 limit of the elliptic genus of the superconformal theory. It turns out that
this carries mainly the information of U(1) charges of the primaries of the Ramond sec-
tor, with L0 = c/24. On the other hand, the Landau–Ginzburg computation shows that
the elliptic genus only knows about U(1) transformations (”R–symmetry”) of the com-
ponents of the basic superfields. Previous evidence gathered so far as to identification
of the theories concerned in particular the identification between the ”chiral ring” of the
superconformal theory and the polynomial ring associated to the Landau–Ginzburg poten-
tial R = C[x1, ..., xp]/{∂xiW} [2] [8]. The ”chiral ring” is just the set of primaries of the
Neveu–Schwarz sector of the superconformal theory which go over to the Ramond states
forming the elliptic genus under spectral flow. From our calculations, we learn that the
identification goes beyond the ring structures, but also concerns U(1) grading of ring bases.
The fact that not just a ring but a ring together with a graded basis is the essential infor-
mation needed for Landau–Ginzburg description of say fusion rings of Rational Conformal
Theories was pointed out in [16].
Now, having computed the elliptic genus for a given superconformal theory, and hope-
fully obtained it in ”product type” form, we certainly learn something about the Landau–
Ginzburg potential describing it, if there exists any. We would like to stress here that this
might be the most powerful tool up to now for hunting Landau–Ginzburg potentials for
other N=2 superconformal theories.
4.1. Uniqueness in the Landau–Ginzburg potential identification.
One might wonder in which sense the answer we found for possible LG descriptions
of N=2 superconformal theories is unique. Here is an example of different superconformal
theories sharing the same elliptic genus. If we take the expression (3.6) of the SU(N)k
elliptic genus for level k = 1, we find lots of cancellations in the product of theta functions,
so that we are left with
Θ1(N
2z|τ)
Θ1(Nz|τ)
.
Up to a redefinition z → z/N , this is nothing but the elliptic genus of the SU(2)N−1
superconformal theory as expressed through eqn.(2.8). So we get a simple example where
although the elliptic genera coincide, the superconformal theories are different.
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On the other hand, from the Landau–Ginzburg point of view, it is easy to see that the
SU(N)1 fusion ring can be viewed as a perturbation of the SU(2)N−1 Landau–Ginzburg
potential, by adding the most relevant perturbation by Φ1:
W =
ΦN+11
N + 1
− tNΦ1,
where tN is a dimensionful coupling preserving the global quasi–homogeneity of the po-
tential. This perturbation is known to correspond to an integrable perturbation of the
associated superconformal theory [17]. It would seem that the elliptic genus is indeed pre-
served under certain ”massive” perturbations of the initial Landau–Ginzburg theory [9].
This point should certainly be the object of further study.
We find more coincidences between various elliptic genera by comparing the SU(N)k
result (3.6) to that of SU(k + 1)N−1, when k + 1 < N . Due to cancellations in the
numerator and denominator of (3.6), we end up with the same result. We believe that this
corresponds to some generalization of the above phenomenon, that certain perturbations
preserve the elliptic genus. This is also related to the ”level–rank” duality of affine Lie
algebras [18] [15] [19].
4.2. Some examples which do not work.
There are still many puzzles left in the attempts to describe the known superconformal
theories in Landau–Ginzburg terms. For instance we did not find any candidates for the
potential associated to the ”D series” of SU(3), obtained by ZZ3 orbifold of the A solutions
[20]. The main reason is that the natural grading inherited from that of SU(3) primaries
(degree λ1+2λ2 for the (λ1, λ2) primary) does not allow for a nice product formula for the
q → 0 limit of the elliptic genus. For instance, in the case of level 3, the orbifold elliptic
genus has the limit
lim
q→0
KD
(3)
3 (z|τ) = x
−3(1 + 4x3 + x6),
where as usual we set x = e6ipiz. It is clear that this expression will never be put into a
single product of terms of the form (1−xa)±1(otherwise the zeroes of the polynomial would
all be of modulus one, which is not the case.)3. This may be an indication that the grading
3 Actually we find many close factorization formulae up to a constant, as 2+x−3((1−x6)/(1−
x3))2, 3 + x−3(1 − x9)/(1 − x3), or 4 + x−3(1 − x12)/(1 − x6), and this is general for D SU(3)
cases, although we still do not understand how to use this property efficiently.
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we took for granted is actually wrong, emphasizing again the importance of the choice of
a graded basis of the chiral ring. It turns out actually that in this particular example
[21], the (dual) ring associated with the generalized Dynkin diagram D(3) of SU(3)3 can
be seen as a particular perturbation of the SU(2)8–D6 Landau–Ginzburg polynomial ring.
But in this picture, the natural grading of the ring is that of D6, i.e. fields with degrees
∈ {0, 2, 4, 4, 6, 8} (instead of {0, 3, 3, 3, 3, 6}, inherited from SU(3)). It is tempting to think
that in general the correct grading for D type SU(3) theories will not be that inherited from
the SU(3) primaries, but one which restores the property of factorizability of the q → 0
limit of the elliptic genus. But a different grading also means a different definition of the
U(1) charge from that of the N=2 superconformal algebra, which sounds very bizarre. If
on the contrary we believe the initial grading is correct, there might be something wrong
with the original free field computation of the LG elliptic genus, for instance that the
R–symmetry is not well diagonalized on the fields forming the hypothetic LG potential.
4.3. A criterium for non–existence of a LG description?
By reversing the argument, this may also be an indication that no LG description
exists for these cases. An interesting consequence of the existence of a polynomial LG
potential for a graded ring is that it is a polynomial ring of say p variables x1, ..., xp,
with exactly p constraints in the form of ∂xiW = 0, and with no relation between the
constraints. Therefore the generating function for degrees of the elements of the ring takes
the form ∑
ring elements
xdegree =
p∏
i=1
1− xRi
1− xri
, (4.1)
where ri denotes the degree of the field xi and Ri the degree of the i
th constraint ∂xiW ,
hence Ri = m−ri, if m denotes the total degree of the potentialW . In general, the elliptic
genus is a modular form generalizing this function. So whenever the U(1) grading of the
Ramond states entering the definition of the elliptic genus does not yield a generating
function of the form (4.1), we may conclude that there is no Landau–Ginzburg description
of the theory, at least none with the purported grading of chiral fields.
But even if this condition is fulfilled, it is possible to find examples where the q → 0
limit of the elliptic genus is nicely factorized, although the elliptic genus itself is not,
signaling again that something goes wrong with the hypothetic LG description. A first
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example of this kind is the projection of the elliptic genus onto a (closed) subset of Ramond
states. Take for instance the SU(2) case of sect.2, and consider the projected sum∑
l=0,k
χll(z|τ) (4.2)
The q → 0 limit of this sum is just (we set x = e4ipiz)
x−k/2(1 + xk) = x−k/2
1− x2k
1− xk
=
sin 4πkz
sin 2πkz
,
which obviously does not lead to the analogous ratio of Θ1 for the projected sum (4.2),
due to difference between the z → z + τ transformations. It seems that although such a
projection makes sense at the level of fusion rings (this corresponds to taking the subring of
{1, x, x2, ..., xk}, xk+1 = 0, formed by {1, xk}, x2k = 0.), it violates higher loop consistency
(e.g. modular invariance, or the fact that the elliptic genus is a modular form of weight
zero).
The second example we wish to study is of a slightly different nature, as it is not
expected to violate modular invariance. Consider the SU(3) Kazama–Suzuki theory with
modular invariant arising from the SU(3)9 exceptional modular invariant (see for instance
[20], and [22] for a complete classification) which reads
E (9) = |χ0,0+χ9,0+χ0,9|
2+ |χ2,2+χ5,2+χ2,5|
2+ |χ3,0+χ6,3+χ0,6|
2+ |χ0,3+χ3,6+χ6,0|
2
(4.3)
where the notation (λ1, λ2) stands for an integrable weight of SU(3) at level 9, i.e. an
element of P
(3)
9 . The elliptic genus for this theory is expressed in terms of the Ramond
characters of SU(3)9 × SO(4)1/SU(2)10 × U(1)
KE
(9)
3 (z|τ) =
∑
(λ1,λ2)∈Exp(E(9))
χ
(λ1,λ2)
λ1,λ1+2λ2
(z|τ)
where Exp(E (9)) is the set of all the couples appearing in eqn.(4.3), generalizing the set of
Coxeter exponents of the SU(2) case (see [23] for the associated generalization of Dynkin
diagrams, graph rings, etc...). Again, the z → z + 1 and z → z + τ transformations are
the same as in the SU(3) case at level 9, the only modification affects the q → 0 limit of
the elliptic genus, which now reads
lim
q→0
KE
(9)
3 (z|τ) = x
−9(1 + x3 + 3x6 + 2x9 + 3x12 + x15 + x18)
= x−9
1− x9
1− x3
(
1− x12
1− x6
)2
=
sin 27πz
sin 9πz
(
sin 36πz
sin 18πz
)2
,
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where, as before, we use the variable x = e6ipiz. The problem here is that the ratio of
products of theta functions
Θ1(27z|τ)
Θ1(9z|τ)
(
Θ1(36z|τ)
Θ1(18z|τ)
)2
does not have the same z → z + τ transformation as the elliptic genus KE
(9)
3 (z|τ), and
therefore we have no product formula for the result. Before making this remark we would
have naively learnt from this expression that if a potential description exists, it might
correspond to the tensor product of an A type SU(2) potential at level 2 (first ratio of
sines) by a D4 potential of SU(2) at level 4 (square ratio of sines, compare with (2.18)
with k = 4), i.e. with potential
Φ41
4
+
Φ32
3
− Φ2Φ
2
3.
The only problem is that this is not quasi–homogeneous, as Φ1 should have degree 3, and
Φ2 and Φ3 degree 6. So we run into inconsistencies in our search for a potential for E
(9),
and the U(1) grading is probably such that no LG description of this theory exists at all.
Many more theories do not pass the test of eqn.(4.1), let us just quote the case of
G(2) models[24], for which the grading of Ramond states with L0 = c/24 violates (4.1).
It would seem that actually only SU(N) and SP (N) models, for which LG potentials are
known [2] [25], pass the test successfully.
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Appendix A. A useful lemma on elliptic modular functions.
We wish to prove the following lemma.
Let f(z|τ) be an elliptic modular function, subject to
(i) f(z + 1|τ) = f(z|τ)
(ii) f(z + τ |τ) = f(z|τ)
(iii) f(
z
τ
| −
1
τ
) = f(z|τ)
(iv) f(z|τ + 1) = f(z|τ),
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and such that
limτ→i∞f(z|τ) = 1.
Then f is identically equal to 1.
f being elliptic, it has the form [13]
f(z|τ) = A
n∏
i=1
Θ1(z − ai(τ)|τ)
Θ1(z − bi(τ)|τ)
. (A.1)
Let us proceed and show that the dependence of the zeroes and poles on the modular
parameter τ is linear, thanks to the ”S” and ”T” invariance (iii) and (iv). The S invariance
(iii) implies that there exists a permutation σ of {1, 2, ..., N} such that
τai(−
1
τ
) = aσ(i)(τ) +mi + niτ (A.2)
(the zeroes are just permuted under the transformation, up to integer shifts mi and ni of
1 and τ .). Analogously, the T invariance implies that there exists a permutation ρ such
that
ai(τ + 1) = aρ(i)(τ) + pi + qiτ,
for some integers pi and qi, hence
ai(τ +K) = ai(τ) + ri + siτ, (A.3)
where K denotes the order of the permutation ρ, and ri, si are some integers. Iterating
this l times, we get
ai(τ +Kl) = ai(τ) + lri +
l(l − 1)
2
si + lsiτ.
Combining this relation for i→ σ(i) with (A.2), we have
(τ +Kl)ai(−
1
τ +Kl
)− τai(−
1
τ
) = lrσ(i) +
l(l − 1)
2
sσ(i) + l(Kni + sσ(i))τ.
The zeroes are analytic functions of the modular parameter τ , therefore we can compute
the large l expansion of the above, which imposes that sσ(i) = 0 (l
2 term), Kai(0) = rσ(i)
and ni = 0 (l term), and the constant term yields
τai(−
1
τ
) = ai(0)τ − a
′
i(0),
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which means that the zeroes are linear functions of τ (and so are the poles, but those are
under control in the formulas we establish in this paper, as they arise from the known
zeroes of the LG elliptic genera Z.). From eqn.(A.3), we also find that they have the
general form
ai(τ) =
1
L
(αi + βiτ),
where we take for L the smallest common multiple of all the K’s, when we run over the
index i, and αi, βi are integers in {0, 1, ..., L− 1}. We denote by (αi, βi) the corresponding
zero. Under the S and T transformations, the zeroes become, up to sums of integer
multiples of L and Lτ
S : (α, β)→ (−β, α)
T : (α, β)→ (α+ β, β).
This is nothing but the action of the modular transformations on the a and b homology
cycles of a torus. In this framework, it is known that for any couple (α, β) of winding
numbers, there exists a modular transformation φ =
∏
SmiTni , such that
φ(α, β) = (α ∧ β, 0),
where α ∧ β denotes the greatest common divisor of α and β. Hence the modular trans-
formation φ sends ai(τ) to a real zero (with no τ component).
But the real zeroes of f are constrained by the q → 0 limit of f , which becomes, by a
straightforward use of the definition of Θ1
1 = A
∏
a,b, real
sinπ(z − a)
sinπ(z − b)
lim
q→0
∏
c,d complex
e−ipi(c−d)q−(c−d)/2,
where we distinguished between the real zeroes (a) and poles (b), and those (resp. c and
d) with a non zero τ component. This implies that all the real zeroes are exactly cancelled
by real poles, and one gets A = 1, in addition to some usual sum rule for the other zeroes
and poles. Now, as we showed above, any non–real zero can be transformed into a real one
by some modular transformation φ, which leaves f unchanged, thanks to (iii) and (iv).
But we just saw that no real zero of f can survive, as it has to be cancelled by a pole.
Therefore no zero at all can survive in the product (A.1), and the function f is identically
equal to 1.
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Appendix B. Proof of the SU(N) product formula.
We wish to prove that
A
(N)
k (x) =
∑
λ1,...,λN−1∈P
(N)
k
xΣiλi =
N−1∏
j=1
1− xk+j
1− xj
.
Changing variables in the summation to li = λi + λi+1 + ...+ λN−1, we get
A
(N)
k (x) =
∑
0≤lN−1≤lN−2≤...≤l1≤k
xl1+l2+...+lN−1
=
k∑
l=0
xlA
(N−1)
l (x).
The property above is clear for N = 2 and any k. Let us now proceed by recursion:
suppose the property is proved for any A
(P )
m , with m+ P ≤ N + k − 1, let us prove it for
A
(N)
k . Thanks to the recursion hypothesis, we have
A
(N)
k (x) =
k∑
l=0
xl
N−2∏
j=1
1− xl+j
1− xj
.
Introduce B
(N)
k (x) = A
(N)
k (x)
∏N−1
j=1 (1− x
j), then we have
B
(N)
k (x) = (1− x
N−1)
k∑
l=0
xl
N−2∏
j=1
(1− xl+j).
Now expand the product as
N−2∏
j=1
(1− xl+j) =
N−2∑
r=0
(−x)lrσ(N−1)r (x),
where
σ(N−1)r (x) =
∑
1≤j1<...<jr≤N−2
(−x)j1+...+jr .
Performing the sum over l, we get (after a shift r → r + 1 of the summation variable)
B
(N)
k (x) = (1− x
N−1)
N−1∑
r=1
1− (−1)(r−1)(k+1)xr(k+1)
1− (−1)r−1xr
σ
(N−1)
r−1 (x).
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Now rewrite the term
1− (−1)(r−1)(k+1)xr(k+1)
1− (−1)r−1xr
=
1− (−1)k(r−1)xrk
1− (−1)r−1xr
+ (−1)k(r−1)xrk,
hence
B
(N)
k (x) = B
(N)
k−1(x) + (1− x
N−1)xk
N−2∏
j=1
(1− xk+j)
= [1− xk + (1− xN−1)xk]
N−2∏
j=1
(1− xk+j)
=
N−1∏
j=1
(1− xk+j),
where we used the recursion hypothesis to express B
(N)
k−1. Therefore we get
A
(N)
k (x) =
N−1∏
j=1
1− xk+j
1− xj
.
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